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Abstract
We propose a new approach towards proving that the ﬁxed point property for ordered sets is
preserved by products. This approach uses a characterization of ﬁxed points in products via isotone
relations. First explorations of classes of isotone relations are presented. These ﬁrst explorations give
us hope that this approach could lead to advances on the Product Problem.
© 2004 Elsevier B.V. All rights reserved.
MSC: 06A07
Keywords: Ordered set; Fixed point property; Product property; Isotone relation; Relational ﬁxed point property
1. Introduction
An ordered set P is a set P equipped with a reﬂexive, antisymmetric and transitive
relation  . The subject of this paper is the ﬁxed point property (fpp) for ordered sets. This
property has commanded considerable attention throughout the history of ordered sets (cf.
for example [1,5,6,10–12,24], or [21] for a survey on the ﬁxed point property; for more on
ordered sets, consider for example [4,23,25]). An ordered set has the ﬁxed point property
(fpp from now on) iff each order-preserving map f : P → P (that is, xy implies
f (x)f (y)) has a ﬁxed point p = f (p).
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An important structural question for this property is if it is preserved by products. That is,
if P and X are ordered sets with fpp, does the ordered set P ×X (ordered by the pointwise
order (p1, x1)(p2, x2) iff p1p2 and x1x2) also have fpp? This question was ﬁrst
reported in [2] and soon became one of the leading questions in Order Theory (cf. [11]).
Many approaches to this problem were proposed, with the possibly most promising ones in
[3,7]. Yet none of these approaches led to success.
In [13], the ﬁrst author answered the product question afﬁrmative for the case that P and
X are ﬁnite. The method used was independent of any previous attempts on the product
question. Using [8] and a modiﬁcation of the proof, this result can be generalized to the
case in which P is chain-complete (cf. Deﬁnition 2.4) with no inﬁnite antichains and X is
arbitrary. Further generalizations, unless trivial, were hard to obtain. Since then the product
question has been in a state of dormancy. Recently (cf. [14,15]) new results on products
have appeared. These results should be the start of a renewed effort to resolve the product
question in the general case. The focus of this paper is a new approach to attempt a solution
of the product question for the case in which both P and X are chain-complete. Resolution
of this case would be a step in the right direction, as it would dispense with any of the
“horizontal” ﬁniteness conditions, that have proved vitally important so far.
The key to our approach is to determine conditions stronger than fpp such that the fol-
lowing holds.
(Metatheorem; for examples, cf. Theorems 3.4, 4.4; we assume P and X are chain-
complete.) If P has (condition) and X has fpp, then P ×X has fpp.
The conditions presented here give access to proving productivity of fpp for ordered sets
that are beyond the reach of current methods (cf. Examples 3.13, 4.11). The structure of the
conditions and Lemma 2.16 lead to the hope that one might be able to successively sharpen
the conditions until reaching a condition equivalent to fpp (cf. Fig. 4), while retaining the
mentioned metatheorem. This approach is thus a new way to tackle the product question for
chain-complete sets. In the following we will say that P has the product property iff P ×X
has fpp for all chain-complete X with fpp.
The inspiration for the present work comes from Walker’s work on what he called the
relational ﬁxed point property (rfpp, cf. Deﬁnition 2.2) in [26]. Roughly speaking, this
property is a “ﬁxed point property for multifunctions”. Walker’s proof that if P and X are
ﬁnite, P has rfpp and X has fpp, then P × X has fpp (the prototype for our metatheorem)
uses the strength one gains in working with multifunctions instead of functions. It also
inspired the approach in [7]. Since there is a satisfying characterization of rfpp in the ﬁnite
case (cf. Theorem 2.13, rfpp is equivalent to dismantlability), there are simpler ways (using
dismantlability rather than rfpp) to show that rfpp implies the product property. This may
be one reason why relational ﬁxed point properties have not gained much further attention
so far.
However, generalizations of dismantlability appear to have reached their limits in [8,20].
These generalizations, by their very nature, severely restrict the structure of the underlying
sets. This makes investigation of the product problem for inﬁnite ordered sets problematic.
Since most approaches to fpp for inﬁnite sets are still based on dismantlability type argu-
ments, most known examples of inﬁnite ordered sets have fpp for a “ﬁnitary” reason. This
ﬁnitary reason that implies fpp normally also implies the product property and thus one
gains no insight in the inﬁnite. On the other hand, in [18] (cf. Deﬁnition 4.9 and Theorem
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4.10 here), for the ﬁrst time inﬁnite ordered sets with fpp are constructed for which the
reason for fpp is at most “semi-ﬁnitary”. For these sets there was (so far) no approach to
proving the product property. We prove that some of these sets have the product property
in Example 4.11.
The paper is organized as follows. In Section 2 we review rfpp and present our Key
Lemma 2.16. In Sections 3 and 4 we present two properties that are successive weakenings
of rfpp. The second allows the proof of the product property for some sets for which the
proof of fpp is no longer completely ﬁnitary.We conclude in Section 5 with an overview of
how the properties presented here relate to fpp, rfpp, the product property, and each other.
2. Reviewing the relational ﬁxed point property
The underlying notion for rfpp as well as for the rest of this paper is the idea of an isotone
relation.
Deﬁnition 2.1. Let P be an ordered set and let P(P ) be its power set. Then  : P →
P(P )\{∅} is called an isotone relation iff pq implies (p) 	 (q) where (p) 	 (q)
means:
1. for all a ∈ (p) there is a b ∈ (q) with ab and
2. for all d ∈ (q) there is a c ∈ (p) with dc.
Deﬁnition 2.2. An ordered set P is said to have the relational ﬁxed point property (rfpp) iff
for each isotone relation  : P → P(P )\{∅} there is a ﬁxed point p ∈ P , that is, a p ∈ P
such that p ∈ (p).
A standard tool for fpp is the Abian–Brown theorem (cf. [1]), which states that in a
chain-complete ordered set pf (p) for some point p ∈ P implies existence of a ﬁxed
point. Lemma 2.7 gives two folklore variants on this theme which we will need throughout
the paper. Unsurprisingly, isotone relations satisfy their own version of the Abian–Brown
theorem (cf. Lemma 2.8). The surprising fact is that we need to impose the condition of
having no inﬁnite chains. The standard example that shows the necessity of excluding
inﬁnite chains is the following.
Example 2.3. The ordered set Z ∪ {±∞} with the natural order does not have rfpp. The
relation that maps each odd number to all even numbers, each even number to all odd
numbers and ±∞ to Z is isotone and it has no ﬁxed point.
Because rfpp fails even for such simple ordered sets with inﬁnite chains, rfpp was almost
exclusively considered for sets without inﬁnite chains. (This restriction also served as a
motivation to look for relational ﬁxed point properties that are sensible for chain-complete
ordered sets.)
Deﬁnition 2.4. Let P be an ordered set. Then P is called chain-complete iff each nonempty
subchain C ⊆ P has a supremum and an inﬁmum.
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Deﬁnition 2.5. Let P be an ordered set.We deﬁne the up-set and the down-set of x∈P to be
↑ x = {p ∈ P : px} ↓ x = {p ∈ P : px}.
The neighborhood of x in P is deﬁned to be
 x := (↑ x) ∪ (↓ x).
Deﬁnition 2.6. Let P be an ordered set and let f : P → P be order-preserving. We deﬁne
Fix(f ) := {p ∈ P : f (p)= p}
to be the set of ﬁxed points of f.
Lemma 2.7. Let P be an ordered set, let f : P → P be order-preserving and let x ∈ P
with f (x)x. Then
1. if P has fpp, then Fix(f )∩ ↑ x = ∅;
2. if P is chain-complete, then Fix(f )∩ ↑ x has a unique smallest element.
Lemma 2.8 (Abian–Brown theorem for isotone relations). Let P be an ordered set, let
 : P → P(P )\{∅} be an isotone relation and let x ∈ P be such that there is a y ∈ (x)
with yx. If P has no inﬁnite chains,  has a ﬁxed point above x.
The availability of an Abian–Brown type theorem makes it natural to work with com-
parative retractions, that is, idempotent order-preserving maps r so that each point p is
comparable to its image r(p). We shall denote comparability of elements by∼ throughout.
Lemma 2.9 shows that if there is a comparative retraction, then for rfpp it does not matter
if we work with P or r[P ].
Lemma 2.9. Let P be an ordered set without inﬁnite chains and let r : P → P be a
comparative retraction. Then P has rfpp iff r[P ] has rfpp.
Example 2.3 shows that both Lemma 2.8 as well as Lemma 2.9 do not hold for ordered
sets that have inﬁnite chains, even if we assume chain-completeness. Lemma 2.8 shows
that a ﬁxed point free isotone relation must be “contained” in the incomparability relation
 of Deﬁnition 2.10. Lemma 2.11 shows that this natural candidate for a ﬁxed point free
isotone relation actually is isotone when P has no comparative retraction. (Since the insight
that this result does not require further conditions is new, we present the short proof.)
Deﬁnition 2.10. Let P be an ordered set. For each p ∈ P we deﬁne
(p) := {x ∈ P : x /∼ p}.
If for all p ∈ P , (p) = ∅,  will be called the incomparability relation of P.
Lemma 2.11 (Compare Walker [26, Theorem 5.6]). Let P be an ordered set with more
than one element. If the incomparability relation  is not an isotone relation, then P has a
comparative retraction.
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Proof. Since  is not isotone, let x <y be such that (x) /	 (y). Then without loss of
generality there is a b ∈ (x) such that there is no c ∈ (y) with bc. Thus b ∼ y and





is a comparative retraction. 
We now know that either the incomparability relation is isotone, or there is a comparative
retraction and we can restrict our attention to a smaller set. Historically this type of insight
has motivated the idea of dismantling (cf. Deﬁnition 2.12). Based on the above results,
dismantlability to a singleton is easily seen to be equivalent to rfpp for ﬁnite sets (cf.
Theorem 2.13).
Deﬁnition 2.12. Let P be an ordered set and let Q ⊆ P . Then P is called dismantlable to
Q iff there is a sequence
P = P0 ⊇ P1 ⊇ · · · ⊇ Pn
of subsets of P and a sequence
ri : Pi−1 → Pi−1
of comparative retractions such that ri[Pi−1] = Pi .
Theorem 2.13 (Compare with Walker [26, Theorem 5.7]). A ﬁnite ordered set P has the
relational ﬁxed point property iff P is dismantlable to a singleton.
2.1. Isotone relations and the product property
The connection between isotone relations and the product property is made through ﬁxed
point sets of the factor maps of an order-preservingmap f : P×X → P×X (cf. Deﬁnition
2.14). Given f : P ×X → P ×X it is natural for each p ∈ P to consider the ﬁxed points of
its factor map fp and then the ﬁxed points of the factor maps of these points. This leads to
the deﬁnition of the ﬁxed point generator function  (cf. Deﬁnition 2.15). Note that though
 depends on f, we shall not use any speciﬁc notation to indicate the dependence. This is
not necessary, since we will always have only one underlying map f. Lemma 2.16, the key
lemma to the present work, shows that  is an isotone relation that indeed generates ﬁxed
points. Note that even though chain-completeness is a vital tool later in the paper, it is not
needed for Lemma 2.16.
Deﬁnition 2.14. Let P,X be ordered sets. If f : P ×X → P ×X is order-preserving, we
deﬁne the factor maps
fx(p) := P f (p, x) and fp(x) := Xf (p, x),
where P : P ×X → P and X : P ×X → X are the natural projections on the ﬁrst and
second factors, respectively.
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Deﬁnition 2.15. Let P,X be ordered sets with fpp and let f : P ×X → P ×X.We deﬁne
the ﬁxed point generator function  by
 : p →
⋃
{Fix(fx) : x ∈ Fix(fp)}.
Lemma 2.16 (Key Lemma, cf. Walker [26, Theorem 7.4] or Rutkowski [16, Theorem 1].
Consider Appendix A for a connection to [7]). Let P,X be ordered sets with fpp and let
f : P ×X → P ×X. Then
1.  is an isotone relation.
2.  has a ﬁxed point iff f has a ﬁxed point.
Proof. To prove 1 let p<q. We shall show that for all p′ ∈ (p) there is a q ′ ∈ (q) such
that p′q ′. The other half of the deﬁnition of 	 is proved dually, so this will ﬁnish the
proof of 1. Let x ∈ Fix(fp) be such that p′ ∈ Fix(fx). Then fq(x)x. By Lemma 2.7,
part 1 Fix(fq)∩ ↑ x = ∅. Let y be any element of Fix(fq)∩ ↑ x. Then fyfx and thus
fy(p
′)fx(p′) = p′. By Lemma 2.7, part 1 Fix(fy)∩ ↑ p′ = ∅. With q ′ being any ﬁxed
point of fy above p′ we are done.
For part 2 let p ∈ (p). Let x ∈ Fix(fp) be such that p ∈ Fix(fx). Then f (p, x) =
(fx(p), fp(x))= (p, x). Conversely, if f (p, x)= (p, x), then (p)  p. 
3. The d-relational ﬁxed point property
Lemma 2.16 shows that the product property is equivalent to a relational ﬁxed point
property for ﬁxed point generator functions. Capture of all properties of ﬁxed point generator
functions  would thus provide a characterization of the product property. This insight
deﬁnes our plan of attack. We shall determine further properties of ﬁxed point generator
functions, leading to more speciﬁc subclasses of isotone relations. A relational ﬁxed point
property for such a subclass will then automatically imply the product property. It should
be noted that the properties of each individual ﬁxed point generator function depend on the
second factor X also. In this paper we shall focus on relational ﬁxed point properties of P
exclusively.
The ﬁrst such property (cf. Deﬁnition 3.2) considers so-called d-isotone relations for
which there is also the possibility to locally ﬁnd an order-preserving selection function (cf.
Deﬁnition 3.1). Lemma 3.3 shows that d-isotonicity is a property of ﬁxed point generator
functions, which means the naturally induced property d-rfpp implies the product property
(cf. Theorem 3.4). There is an actual Abian–Brown-type theorem for d-rfpp (cf. Theorem
3.5). This theorem implies for example that every complete chain has d-rfpp. In particular
this means that a breakdown such as in Example 2.3 does not occur for d-rfpp. Knowing
that comparable points imply ﬁxed points in chain-complete sets makes d-rfpp and weaker
properties seem more natural in the setting of ﬁxed points than rfpp. Just like rfpp is equiv-
alent to dismantlability for ﬁnite sets, d-rfpp is closely related, though not equivalent, to the
notion of connected collapsibility (cf. Deﬁnition 3.9, Theorem 3.10 and Proposition 3.12).
Connected collapsibility is a generalization of dismantlability (cf. [20]) in which retractable
points (cf. Deﬁnition 3.7) take the place of comparative retractions (cf. Theorem 3.8, which
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is a verbatim analogue of a ﬁxed point theorem for single-valued functions). In particular
this means that d-rfpp is strictly weaker than rfpp, because there are connectedly collapsible
ordered sets that are not dismantlable to a singleton.
Still, d-rfpp is far away from being equivalent to fpp as Proposition 3.12 shows. In
particular, the small sets in [17] that are of height 2 and not connectedly collapsible are
examples of sets with fpp but not d-rfpp. Among these sets is the set P2, which inspired
Example 4.11 and the development of d+-rfpp. To show the applicability of d-rfpp in the
inﬁnite setting, we present in Example 3.13 a new inﬁnite set that has d-rfpp and thus the
product property.
Deﬁnition 3.1. Let  : P → P(P )\{∅} be an isotone relation. Then s : P → P is called
an isotone selection function for  iff
1. s is order-preserving, and
2. For all p ∈ P we have that s(p) ∈ (p).
Deﬁnition 3.2.  : P → P(P )\{∅} is called a d-isotone relation iff
1.  is an isotone relation,
2. For all p, p′ ∈ P with p′ ∈ (p) there is an order-preserving local selection function
p,p′ : p → p′ such that
(a) p,p′(p)= p′,
(b) p,p′(q) ∈ (q) for all q ∈ p.
An ordered set for which any d-isotone relation has a ﬁxed point is said to have the
d-relational ﬁxed point property (d-rfpp).
Lemma 3.3. LetP,X be chain-complete ordered sets with fpp and let f : P×X → P×X
be order-preserving. Then  is a d-isotone relation.
Proof. By Lemma 2.16, part 1, we have that  is an isotone relation. Thus we only need to
construct p,p′ for arbitrary p ∈ P and p′ ∈ (p).
Let p ∈ P and p′ ∈ (p). Naturally we set p,p′(p) := p′.
For p and p′ ﬁx an x(p) ∈ X such that x(p) ∈ Fix(fp) and p′ ∈ Fix(fx(p)). (There may
bemore than one such point, but wewill only need onemap p,p′ for this proof, sowe ﬁx one
x(p). In the proof of Lemma 4.3 we will consider all functions that can be constructed this
way. The proof that these functions are order-preserving is exactly the proof that follows.)
For each q >p let x(q) be the unique smallest ﬁxed point of fq above x(p) (which is
guaranteed to exist by Lemma 2.7, part 2). If p<q < r , then fq(x(r))fr(x(r)) = x(r),
so there is a ﬁxed point of fq between x(p) and x(r). This means (because x(q) is the
smallest ﬁxed point of fq above x(p)) that if p<q < r , then x(p)x(q)x(r).
Now, for each q >p we have fx(q)(p′)fx(p)(p′) = p′. Thus we can let p,p′(q) be
the unique smallest ﬁxed point of fx(q) above p′ (which is guaranteed to exist by Lemma
2.7, part 2). Clearly p,p′(q) ∈ (q). To see that p,p′ is order-preserving on ↑ p, let
p<q < r . Then by the previous paragraph x(p)x(q)x(r). Moreover, by deﬁnition
p,p′(p)p,p′(q). Finally, because p,p′(r)= fx(r)(p,p′(r))fx(q)(p,p′(r)), we have
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that fx(q) must have a ﬁxed point between p,p′(p) and p,p′(r). Thus (because p,p′(q) is
the smallest ﬁxed point of fx(q) above p′) p<q < r implies p,p′(p)p,p′(q)p,p′(r).
We have constructed an order-preserving map p,p′ :↑ p →↑ p′ such that for all q >p
we have that p,p′(q) ∈ (q). The part of p,p′ that maps ↓ p to ↓ p′ is constructed
dually. 
Theorem 3.4 (Compare with Walker [26, Theorem 7.4], and consider Appendix A for a
connection to Duffus and Sauer [7]). Let P,X be chain-complete ordered sets with fpp. If
one of P,X has d-rfpp, then P ×X has fpp.
Theorem 3.5 (Abian–Brown for d-isotonicity). Let P be a chain-complete ordered set, 
be d-isotone and p ∈ P such that there is a p′ ∈ (p) with p′p. Then  has a ﬁxed point
x ∈ (x) above p.
Proof. The function p,p′ : p → p′ is order-preserving and since p′p it maps ↑ p′ to
itself. Thus p,p′ has a ﬁxed point xp′. By deﬁnition of d-isotonicity we have x∈(x). 
Example 3.6. It is noteworthy that Theorem 3.5 cannot be strengthened into an analogue
of Lemma 2.7, part 2. That is, under the assumptions of Theorem 3.5 we cannot conclude
that  has a smallest ﬁxed point above x.
To see this, let P be any chain-complete ordered set with a smallest element s such that
P \{s} = ∅ does not have a smallest element. For all p ∈ P deﬁne (p) := P \{s}. Then 
is a d-isotone relation on P and for s there is an s′ ∈ (s) with s′s. Yet  does not have a
smallest ﬁxed point above s, because Fix()= P \{s}.
Deﬁnition 3.7. Let P be an ordered set and let a, b ∈ P . Then a is called retractable
to b iff




x if x = a,
b if x = a,
is a retraction.
Theorem 3.8 (Compare with Schröder [19, Theorem 3.3]). Let P be an ordered set and
let a ∈ P be retractable to b ∈ P . Then P has d-rfpp iff
1. P \{a} has d-rfpp, and
2. One of (↑ a)\{a} and (↓ a)\{a} has fpp.
Proof. “⇐”: Assume that 1 and 2 hold with ↑ a\{a} having fpp. Let  : P → P(P )\{∅}
be a d-isotone relation. Let
r(x) :=
{
x if x = a,
b if x = a.
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Then r ◦  deﬁned by r ◦ (p)= r[(p)] is a d-isotone relation, because this “composition”
is again an isotone relation (folklore) and the composition of r with the s has the required
properties. Thus there is a p ∈ P \{a} such that p ∈ r ◦ (p). If p = b we are done. In case
p=b we are done if b ∈ (b). If p=b and b /∈ (b)we have that a ∈ (b). Now b,a|(a)\{a}
is an order-preserving map. Assume that ↑ a\{a} has fpp. If b,a[(↑ a)\{a}] ⊆ (↑ a)\{a},
then b,a (and hence ) has a ﬁxed point above a. Otherwise there is a point x >a such
that x′ = b,a(x) /∈ ↑ a\{a}. Because x >b we have x′ = b,a(x)b,a(b) = a, which
means x′ = b,a(x)= a. Since a ∈ (x), we can consider x,a , which maps ↓ a to itself. If
x,a(a) = a, then  has a ﬁxed point. Otherwise x,a maps D :=↓ x,a(a) to itself. D is a
retract of P \{a} and consequently it has fpp. Thus x,a and hence  has a ﬁxed point.
“⇒”: Part 1 follows from the (easily proved) fact that retractions preserve d-rfpp. Part 2
follows from the analogous theorem for fpp and the fact that d-rfpp implies fpp. 
Deﬁnition 3.9 (Compare with Schröder [20, Deﬁnition 1] or Schröder [21, Deﬁnition
4.26]). A ﬁnite ordered set P with n points is called connectedly collapsible iff n = 1
or there is a point x such that
1. P \{x} is a retract of P,
2. P \{x} is connectedly collapsible,
3. One of (↑ x)\{x} and (↓ x)\{x} is connectedly collapsible.
Theorem 3.10 (Compare Schröder [20, Theorem 2] or Schröder [21, Theorem 4.27]). If
P is a ﬁnite connectedly collapsible ordered set, then P has d-rfpp.
Proof. Induction and Theorem 3.8. 
Lemma 3.11. Let P be an ordered set of height 2without retractable points and let a, b ∈ P
be two distinct points such that a is not comparable to b. Then there is an order-preserving
map f : a → b such that f (a)= b and no point is comparable to its image.
Proof. All we need to show is that there is an order-preserving map f :↑ a →↑ b such
that f (a)= b and no point is comparable to its image. The remainder follows by duality.
Recall that the rank of an element in an ordered set of ﬁnite height is the length of the
longest chain that contains the element and a minimal element.
First note that there is nothing to prove if b is maximal. (In this case, the map that maps
↑ a to b works.) Thus we can assume from now on that b is not maximal. In particular this
means that rank(b)1.
Case 1: rank(a)= 2. There is nothing to prove. Just set f (a)= b.
Case 2: rank(a)= 1.
Case 2.1: rank(a) = 1, rank(b) = 1. Since b has at least two upper covers, we can pick
two distinct upper covers of b, say c and d. For xa deﬁne
f (x) :=
{
b if x = a,
c if x >a and x = c,
d if x = c (if applicable).
This is the desired function.
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Case 2.2: rank(a)= 1, rank(b)= 0. Since b is not retractable to a, b either has an upper
bound of rank 1 that is not equal to a, or b has an upper bound of rank 2 that is not above a.
If b has no upper bounds of rank 1 that are not equal to a, then b has an upper bound d
of rank 2 that is not above a. This upper bound d must be an upper cover of b and d cannot
be comparable to any element of ↑ a. Thus the map
f (x) :=
{
b if x = a,
d if x >a,
is the desired function.
This leaves the case in which b has an upper bound b′ of rank 1 that is not equal to a. If
b′ is maximal, then b′ is not comparable to any upper bound of a. Thus in this case the map
f (x) :=
{
b if x = a,
b′ if x >a,
is the desired function.
This leaves the case in which b′ is not maximal. In this case b′ has (at least) two upper
covers c and d. The function
f (x) :=
{
b if x = a,
c if x >a, rank(x)= 2 and x = c,
d if x = c (if applicable),
is as desired.
Case 3: rank(a)= 0.
Case 3.1: rank(a) = 0, rank(b) = 1. Since b has at least two upper covers, we can pick
two distinct upper covers of b, say c and d. For xa deﬁne
f (x) :=
{
b if x = a or x >a and rank(x)= 1,
c if x >a, rank(x)= 2 and x = c,
d if x = c (if applicable).
This is the desired function.
Case 3.2: rank(a)= 0, rank(b)= 0. Since b is not retractable to a, b either has an upper
bound of rank 2 that is not above a, or b has an upper bound of rank 1 that is not above a.
If b has no upper bounds of rank 1 that are not above a, then b has an upper bound d of
rank 2 that is not above a. This upper bound d must be an upper cover of b and d cannot be
comparable to any element of ↑ a. Thus the map
f (x) :=
{
b if x = a,
d if x >a,
is the desired function.
This leaves the case in which b has an upper bound b′ of rank 1 that is not above a. If b′
is maximal, then b′ is not comparable to any upper bound of a. Thus in this case the map
f (x) :=
{
b if x = a,
b′ if x >a,
is the desired function.
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Fig. 1. A ﬁnite ordered set with d-rfpp that is not connectedly collapsible.




b if x = a,
b′ if x >a and rank(x)= 1,
c if x >a, rank(x)= 2 and x = c,
d if x = c (if applicable),
is as desired. 
Proposition 3.12. Let P be a ﬁnite ordered set of height 2. Then P has d-rfpp iff P is
connectedly collapsible. This equivalence is no longer true for height 3.
Proof. By Theorem 3.10, connected collapsibility implies d-rfpp. Now assume P is of
height 2 and not connectedly collapsible. If P does not have fpp, then P does not have
d-rfpp and we are done. Thus we can assume P has fpp. By Theorem 3.8 we can assume
that P does not have any retractable points, since even if P does, any attempt to collapse
P will eventually produce an ordered set of height 2 with the ﬁxed point property and
no retractable point. By Lemmas 2.11 and 3.11 we can then infer that the incomparability
relation  of Deﬁnition 2.10 is d-isotone, which means P does not have d-rfpp. Thus for
height 2, connected collapsibility is equivalent to d-rfpp.
To see that the equivalence is no longer true for height 3, consider the set in Fig. 1.
No matter where the point c in the middle is mapped, every map of its neighborhood to
some other neighborhood has a point that is comparable to its image. That means the set
has d-rfpp, because no ﬁxed point free isotone relation can have any order-preserving local
selection functions c,c′ . It is routine to verify that the set has no retractable points. 
Example 3.13. The ordered set in Fig. 2 consists of four bi-inﬁnite fences stacked on top
of each other as indicated with another element x added that is below all elements of the
two topmost bi-inﬁnite fences. This ordered set has d-rfpp and no retractable points.
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Fig. 2. An inﬁnite ordered set with d-rfpp and without retractable points.
Proof. Suppose  is an isotone relation on P such that for all p ∈ P and p′ ∈ (p) we have
p /∼ p′. Consider x and an arbitrary non-minimal x′ ∈ (x). Then x,x′ [(↑ x′)\{x′}] must
be contained in (↑ x′)\{x′}, since all x,x′(p) ∈ (p). Since this set has the ﬁxed point
property, there is a p>x′ such that p = x,x′(p) ∈ (p), a contradiction.
Thus the elements of (x)must all beminimal. Letx′ ∈ (x)beminimal. For the following
we use the labelings as indicated in Fig. 2. If x,x′ maps (↑ x)\{x} to itself, then x,x′ has a
ﬁxed point above x′, which cannot be. Thus we can assume without loss of generality that
x,x′(bl)= r . If x,x′(m)= tl , then x,x′(cl) must be comparable to cl , which cannot be.
Thus x,x′(m) = tl . But then x,x′(bm), x,x′(br)bl (either one would force x,x′(m)=
tl , which cannot be). Thus if neither x,x′(bm) nor x,x′(br) go to l, r or x′, then x,x′ [(↑
bm) ∪ (↑ br)] ⊆ (↑ bm) ∪ (↑ br), which would imply that x,x′ has a ﬁxed point in
(↑ bm) ∪ (↑ br), which is not possible. Therefore we must have that x,x′(br) = l. This
immediately forces x,x′(m)= tr and then x,x′(cr )must be comparable to cr . We have led
x′ ∈ (x) to a contradiction, which means that (x) does not contain any minimal elements
either.
But then (x)= ∅, which contradicts our assumption on . Thus P has d-rfpp.
It is routine to verify P has no retractable points. 
Remark 3.14. Note that both our non-connectedly collapsible examples can be seen as
consequences of the following obvious fact.
If P is a chain-complete ordered set with a point p ∈ P such that every order-preserving
local map  : p → P has a point comparable to its image, then P has d-rfpp.
4. The d+-relational ﬁxed point property
We have seen that d-rfpp is a step from rfpp towards fpp. However, because of its tight
connection to connected collapsibility d-rfpp is not even close to fpp. After all, the class of
ordered sets of height 2 with fpp that are not connectedly collapsible is extremely large (for
examples, cf. Theorem 4.10 and Example 4.11).
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In this section we introduce a subclass of d-isotone relations, called d+-isotone relations
(cf. Deﬁnition 4.2). d+-isotonicity stipulates that we must locally be able to select compati-
ble local selection functions.As before, d+-isotonicity is a property of ﬁxed point generator
functions (cf. Lemma 4.3) and thus the induced property d+-rfpp implies the product prop-
erty (cf. Theorem 4.4). d+-rfpp allows one to prove the product property for an inﬁnite
class of ﬁnite and inﬁnite (of any cardinality) ordered sets for which nothing was known
on the product property so far (cf. Example 4.11). These sets are inspired by the set P2 in
[17]. In particular, since the sets in question are of height 2 and not connectedly collapsible,
d+-rfpp is strictly weaker than d-rfpp. The class in Example 4.11 is a subclass of a new
class of ordered sets (cf. Deﬁnition 4.9) for which the ﬁxed point property is established
with the “semi-ﬁnitary” arguments in [18] (cf. Theorem 4.10). It would be interesting to
know if all sets as in Theorem 4.10 have the product property.
Deﬁnition 4.1. Let  : P → P(P )\{∅} and letS be a family of sets Sp of local isotone
selection functions for  on  p. Then  : P → P(P )\{∅} is called a d-isotone relation
with respect toS iff
1.  is an isotone relation,
2. For all p, p′ ∈ P with p′ ∈ (p) there is an order-preserving local selection function
p,p′ : p → p′ in Sp such that
(a) p,p′(p)= p′,
(b) p,p′(q) ∈ (q) for all q ∈ p.
Deﬁnition 4.2. The map  : P → P(P )\{∅} is called a d+-isotone relation with respect
toS (whereS is as in Deﬁnition 4.1) iff
1.  is a d-isotone relation with respect toS,
2. For each pair (p, p′) ∈ P with p′ ∈ (p), for all p,p′ ∈ Sp, for all q >p, and
for q ′ = p,p′(q) there is an order-preserving local selection function q,q ′ ∈ Sq
such that q,q ′(q) = q ′ and for all a ∈ p, and all b ∈ q with ab we have that
p,p′(a)q,q ′(b),
3. The dual of condition 2.
An isotone relation  for which there is a familyS such that  is d+-isotone with respect
toS will also simply be called d+-isotone. We say that P has d+-rfpp iff every d+-isotone
relation  must have a ﬁxed point.
Lemma 4.3. LetP,X be chain-complete ordered sets with fpp and let f : P×X → P×X
be order-preserving. Then it is possible to ﬁnd a familyS such that  is a d+-isotone relation
with respect toS.
Proof. By Lemma 3.3 we have that  is a d-isotone relation. Thus we only need to ﬁnd a
setS and prove condition 2 (its dual is proved dually).
For eachp ∈ P , we deﬁne the set Sp to be the set of all maps p,p′ that can be constructed
as in Lemma 3.3. That is, for given p ∈ P , all p′ ∈ (p) and all x(p) ∈ X such that
x(p) ∈ Fix(fp) and p′ ∈ Fix(fx(p)) we deﬁne a map  : p → p′ as follows. Set
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(p) := p′. For each q >p let x(q) be the unique smallest ﬁxed point of fq above x(p).
Then we let (q) be the unique smallest ﬁxed point of fx(q) above p′. The proof that
this deﬁnes an order-preserving map  :↑ p →↑ p′ such that for all q >p we have that
(q) ∈ (q) is exactly the same as in the proof of Lemma 3.3. The part of  that maps
↓ p to ↓ p′ is constructed dually. The set Sp is now the set of all maps as deﬁned above.
(There may be more than one such map for each pair of p and p′, because x(p) need not be
unique.)
To prove condition 2, we shall denote maps out of Sp by p,p′ and maps out of Sq by
q,q ′ . This will not lead to ambiguity, because we will only need one map out of each
set. The notation will remind us which map is out of which set and what the image of p
is. Moreover for all u ∈ p, let x(u) ∈ Fix(fu) be the point that is used in constructing
p,p′(u) ∈ Fix(fx(u)).
So let p ∈ P , p′ ∈ (p), p,p′ ∈ Sp, q >p, q ′ = p,p′(q), and let a ∈ p, b ∈ q with
ab.
Let q,q ′ ∈ Sq be the order-preserving local selection function that is constructed as
above using x(q) as the point such that x(q) ∈ Fix(fq) and q ′ ∈ Fix(fx(q)). For all v ∈ q,
let y(v) ∈ Fix(fv) be the point that is used in constructing q,q ′(v) ∈ Fix(fy(v)). Note that
y(q)= x(q)x(p).
We now have to consider all combinations of the cases ap and a >p with the cases
b<q and bq.
Case 1: ap, bq. In this case p,p′(a)p,p′(p)p,p′(q)= q,q ′(q)q,q ′(b).
Case 2: ap, b<q. In this case fafb, x(a) is the largest ﬁxed point of fa below x(p)
and y(b) is the largest ﬁxed point of fb below y(q). Thus x(a) is a ﬁxed point of fa below
y(q) and hence fb(x(a))fa(x(a))= x(a). This implies fb has a ﬁxed point above x(a)
and below y(q) and hence x(a)y(b).
Now p,p′(a) is the largest ﬁxed point of fx(a) below p′ and q,q ′(b) is the largest ﬁxed
point of fy(b) below q ′. Since fy(b)(p,p′(a))fx(a)(p,p′(a)) = p,p′(a), the map fy(b)
has a ﬁxed point above p,p′(a) and below q ′. We conclude that q,q ′(b)p,p′(a).
Case 3: a >p, bq. This is the dual of case 2.
Case 4: a >p, b<q. In this case p<ab<q and x(a) is the smallest ﬁxed point of fa
above x(p) (which means it is y(q), because fafq ) and y(b) is the largest ﬁxed point
of fb below y(q). Since fb(x(a))fa(x(a)) = x(a), the map fb has a ﬁxed point above
x(a) and below y(q). Thus y(b)x(a).
Now p,p′(a) is the smallest ﬁxed point of fx(a) above p′ (and thus it is below q ′,
because fx(a)fy(q)) and q,q ′(b) is the largest ﬁxed point of fy(b) below q ′. Since
fy(b)(p,p′(a))fx(a)(p,p′(a))=p,p′(a), the map fy(b) has a ﬁxed point above p,p′(a)
and below q ′. We conclude that q,q ′(b)p,p′(a). 
Theorem 4.4. Let P,X be chain-complete ordered sets with fpp such that one of them has
d+-rfpp. Then P ×X has fpp.
Proof. Simply mimic the proof of Theorem 3.4. 
Proposition 4.5. Let P be an ordered set. If P has d-rfpp, then P has d+-rfpp.
M.S. Roddy, B.S.W. Schröder / Discrete Mathematics 290 (2005) 229–248 243
Proof. Simple consequence of the fact that every d+-isotone relation is also d-isotone. 
Remark 4.6. The use of the familyS in the deﬁnition of d+-isotonicity is rather cumber-
some. It would be helpful if we could replace the familyS with the (ﬁxed) family of sets
Sp of all isotone selection functions of  on  p.
Not only is this condition more readable, it also leads to an even more restricted class
of isotone relations, which would make the associated relational ﬁxed point property even
closer to fpp. Unfortunately, at present we are unable to prove the analogue of Lemma 4.3
for this property.
It is not possible to simplymimic the proof of Lemma 4.3. The problem occurs essentially
in the ﬁrst step. If p,p′ is an arbitrary order-preserving local selection function for , and
q >p, then we have no control over the x(q) that is used to obtain q ′ = p,p′(q). In
particular we cannot trivially conclude the vital comparability x(q)x(p). Unfortunately
this comparability is the cornerstone for the whole proof of Lemma 4.3.
It is also not possible to naturally restrict ourselves to isotone relations for which we
always have x(p)x(q), because for arbitrary isotone relations, these entities do not
exist.
Remark 4.7. Along similar lines, in the deﬁnition of d+-isotonicity it is also not easily
possible to reduce the use of the familyS of sets Sp to just one overall set S of local isotone
selection functions. The reason is that for each local isotone selection function the center
of the neighborhood has to be speciﬁed. Otherwise, in a situation in which  p=  q (for
example, if q is the unique upper cover of p and p is the unique lower cover of q) a local
selection function  could be interpreted as an element of Sp or of Sq . However, it could be
that to make d+-isotonicity work it is necessary to have  in one of the two sets but not the
other.
For ordered sets for which one can sensibly deﬁne a core, the above problem is not an
issue. This is because  p=  q implies the existence of a comparative retraction and we
could dismantle the set such that there are no comparative retractions. Since the ultimate
goal of our methods are inﬁnite sets and since the notion of a core becomes problematic for
inﬁnite ordered sets (for example, cf. [22]) we use the sets Sp.
The need for the Sp would go away if we could use the set of all local isotone selections
on neighborhoods as indicated in Remark 4.6.
Remark 4.8. It should be noted that condition 2 in the deﬁnition of d+-isotonicity with
respect to S does not necessarily imply that there is a selection function on the union of
the domains of p,p′ and q,q ′ . Indeed there could be an a <q, a /∼ p and a b>p, b /∼ q
such that a <b and q,q ′(a)p,p′(b).
While we do not have an example, this seems possible for the way we proved d+-
isotonicity for . For points a, b as just indicated, we always chose q,q ′(a) “as high as
possible” and p,p′(b) “as low as possible”, which is exactly the wrong line up to easily
prove q,q ′(a)p,p′(b).
Deﬁnition 4.9 (cf. Rutkowski and Schröder [18]). Let A be an ordered set. Construct the
ordered set PA as follows. Let {0, 1} have its natural order and let t, b be two points
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Fig. 3. An inﬁnite family of ﬁnite and inﬁnite sets with d+-rfpp but not d-rfpp.
not in A× {0, 1}. Let PA := (A× {0, 1}) ∪ {t, b} be ordered by
 := A×{0,1} ∪ {(b, (a, 1)), ((a, 0), t) : a ∈ A} ∪ {(b, b), (t, t)}.
For z = (a, n) ∈ A × {0, 1} we will denote the element (a, 1) ∈ A × {1} also by z1, and
denote z0 := (a, 0).
The characterization of fpp for sets PA can be found in [18]. Sets PA form the only
known class of ordered sets for which the only available characterization of fpp is in terms
of forbidden retracts.
Theorem 4.10 (cf. Rutkowski and Schröder [18]). Let A be a chain-complete ordered set
that satisﬁes the descending chain condition and let PA be as in Deﬁnition 4.9. Then PA
has a ﬁxed point free order-preserving self-map iff PA has a truncated ﬁnite Boolean lattice
as a retract.
Example 4.11. Let B be a complete bipartite ordered set, where the bottom and the top
antichain can be of arbitrary (ﬁnite or inﬁnite) size 2. (For a visualization, cf. Fig. 3.)
Then PB has d+-rfpp (and consequently the product property) but not d-rfpp.
Proof. Because the antichains that make up B each have at least 2 elements, PB has no
irreducible points and thus no retractable points. Moreover, PB is of height 2. By Lemma
3.11 PB does not have d-rfpp.
To show that PB has d+-rfpp let  : PB → P(PB)\{∅} be a d+-isotone relation.Assume
that  has no ﬁxed point. Then by Theorem 3.5 (or Lemma 2.8) for all p ∈ PB and all
p′ ∈ (p)we have p /∼ p′.We shall prove that for arbitrary minimal elements x0 ∈ B×{0}
we have b /∈ (x0). Since x0 was arbitrary this will imply that b /∈ (x) for all x ∈ PB\{b}.
But then maps PB\{b} toP(PB\{b})\{∅} and PB\{b} is dismantlable to a singleton. This
implies that  must have a ﬁxed point in PB\{b}, a contradiction.
Let x0 ∈ B × {0} be a minimal element. For a contradiction, assume b ∈ (x0). Then
there must be an order-preserving local selection function x0,b ∈ Sx0 . This function must
satisfy that x0,b(x0) = b, x0,b(x1) = y1 for some y1 in the bottom antichain of B × {1},
and there must be a (ﬁnite or inﬁnite) subset C1 of the top antichain of B × {1} such that
x0,b[C1] ⊆ C1 and |x0,b[C1]|2.
Since  is d+-isotone, for x0,b there must be an order-preserving local selection function
x1,y1 ∈ Sx1 as in the deﬁnition of d+-isotonicity. This functionmust satisfy x1,y1(x1)=y1,
x1,y1(x0) ∈ {b, y1} (because it must be below y1 and above x0,b(x0)= b), x1,y1(b)= y0,
and x1,y1 [C1] ⊆ C1 and |x1,y1 [C1]|2 (because for each c ∈ C1, x1,y1(c1)x0,b(c)).
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Again because  is d+-isotone, for x1,y1 there must now be an order-preserving local
selection function b,y0 ∈ Sb as in the deﬁnition of d+-isotonicity.This functionmust satisfy
b,y0(b)= y0 and for all c ∈ C1 we must have b,y0(c)x1,y1(c). Now by1C1. Thus
b,y0(y1)b,y0(b) = y0 and for all c ∈ C1 we have b,y0(y1)x1,y1(c), which means
b,y0(y1)x1,y1 [C1]. Since |x1,y1 [C1]|2, the only points that satisfy this condition are
y1 and y0. Thus, since (y1)  b,y0(y1), one of y1 and y0 would have to be in (y1). We
have a contradiction to the assumption that (y1) does not contain any points comparable
to y1. 
Remark 4.12. The proof of d+-rfpp in Example 4.11 actually can be strengthened to
include any ordered set that is a linear lexicographic sum of an antichain with at least two
elements and an arbitrary chain-complete ordered set. (That is, we can replace the upper
antichain with any nonempty chain-complete ordered set. We can do this because the key
to the proof is that no element of the bottom antichain can be mapped upwards.)
While the above includes some ordered sets covered by Theorem 4.10 (in particular the
set P2 in [17]), we do not know how to approach sets PA for which A is not of this special
structure.
5. Conclusion
We have presented parts of a possible spectrum of relational ﬁxed point properties that
spans from rfpp at one end to the product property, possibly even fpp on the other (cf.
Fig. 4). A natural question we were unable to answer is where exactly in this spectrum
d+-rfpp ﬁts. We know it is strictly to the right of d-rfpp, but how far? Does d+-rfpp have a
chance to coincide with fpp? One possible way to resolve this question may be to consider
complexity.We know from [6] that deciding fpp is co-NP-complete. Thus any polynomially
veriﬁable property will be bounded away from fpp (unlessP =NP, in which case one would
have proved much more). We currently do not know the complexity status of d+-rfpp. For
example the certiﬁcates used to check d+-rfpp might be exponential in size.
In our spectrum, rfpp can be checked in polynomial time (folklore). For ﬁxed height, con-
nected collapsibility (which appears “close” to d-rfpp) can be checked in polynomial time
with the degree of the polynomial depending on the height (cf. [20]). Of course connected
collapsibility (as well as d-rfpp) is not close to fpp.
It should be noted that deciding if there is an isotone selection for an isotone relation is in
general NP-complete. The proof is a variation on Duffus and Goddard’s Theorem 4.1 in [6]
on existence of order-preserving extensions of local maps. In their construction, make the
image sets of the pointswith ﬁxed images (the “endpoints”) exactly the singletons consisting
of these points. Then for the remaining points make the image sets the sets of points at the
appropriate distance from the “endpoints”. The question if the map indicated by Duffus and
Fig. 4. A spectrum of (relational) ﬁxed point properties with rfpp and fpp at the extreme ends.
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Goddard has an extension is the same as the question if the generated isotone relation has
an isotone selection. We can add a bottom element to the constructions and thus have all
the structures be parts of neighborhoods of points. Embedding it all into one set shows that
checking if a given isotone relation is d-isotone is also NP-complete. This indicates that
the idea of bounding through complexity may not work, should the determination of the
relational ﬁxed point properties turn out to be co-NP-complete.
Another property that is natural to investigate is the connected relational ﬁxed point
property (cf. [23]). In this property isotone relations are only considered when the image
of each point is connected. We are not sure how much connected images would help in the
present investigation. The set P2 in [17] however shows that even d+-rfpp does not imply
the connected relational ﬁxed point property.
The main question is of course if the product property is coincident with fpp or strictly
to its left. Our approach raises the hope that by ﬁnding further properties of the ﬁxed point
generating function  one might be able to use relational ﬁxed point properties to push the
product property into fpp in the above spectrum. Alternatively one might ﬁnd a weakening
of the relational ﬁxed point property which can be proved to be equivalent to the product
property and to the left of fpp. Either outcome would be very interesting.
A possible start is Remark 4.6, where we alluded to the possibility of dropping the
restricting family S from the deﬁnition of d+-rfpp. Let d∗-isotonicity be d+-isotonicity
with respect to the family of sets of all local isotone selections for . Let d∗-rfpp be the
corresponding relational ﬁxed point property. Clearly if P has d∗-rfpp then P has d+-rfpp.
Are d∗-rfpp and d+-rfpp equivalent conditions?
We suspect this is not the case, but from a theoretical and computational point of view
d∗-rfpp seems fairly tractable.
A group of NSERC research students at Brandon University is currently investigating
various modiﬁcations of d+-rfpp for computational and theoretical feasibility. We would
like to take the opportunity here and thank these research students for their past, present and
future contributions to this project.We would also like to thank the referees for suggestions
that improved the presentation of the paper.
There are at least three further possibilities for exploration:
1. Extra conditions onS abstracted from those associated with a second factor.
2. Extra conditions on the relationships between the ’s.
3. Moving from isotone relations and local selection functions to a more general notion.
We see all three of these as potentially viable (and highly interrelated) directions. The
results in this paper make a strong case for a revitalization of research on ﬁxed points for
isotone relations. We hope this paper is the start of this process.
Appendix A. An observation regarding the strong ﬁxed point property
A property that was once considered a candidate for being equivalent to fpp (this was
proved not to be the case in [9]) is the following strong ﬁxed point property.
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Deﬁnition A.1 (Cf. Duffus and Sauer [7, p. 222]). LetP be an ordered set. ThenP is said to
have the strong ﬁxed point property (sfpp) iff there is an order-preservingmap : PP → P
such that (f ) is a ﬁxed point of f for all f ∈ PP .
The interest in the strong ﬁxed point property stems from the following product theorem.
Theorem A.2 (Cf. Duffus and Sauer [7, Theorem 1]). Let P and X be ordered sets with fpp
such that X has sfpp. Then P ×X has fpp.
Proof. Let f : P ×X → P ×X be order-preserving. Deﬁne
F(p) := f(fp)(p).
Then F has a ﬁxed point p, that is p = f(fp)(p). Let x := (fp). Then
f (p, x)= (fx(p), fp(x))= (f(fp)(p), fp((fp)))= (p, x). 
We ﬁnd it curious, that while sfpp was inspired by Walker [26], the use of sfpp in the
proof of TheoremA.2 occurs in the “wrong” factor when compared to the proof of the Key
Lemma 2.16 and subsequently Theorems 3.4 and 4.4. In Lemma 2.16 and Theorems 3.4
and 4.4 it is vital to have d-rfpp (or d+-rfpp) for the ﬁrst factor. Yet while the build of the
proofs is near-identical, in TheoremA.2 sfpp is needed for the second factor.
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